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Abstract

12 is shawza that if ene incorporates the generafized roordinate quanturm velocities ¢ ag
given by ¢t = i[H,g 1k = 1) im z) the gﬁﬁtfﬂ&d classings Laerangian for a free particle
(the total enf:rgy), L = 14'g.4% one does not obtain (0o mater what ordering of the
operators 44, &%, end gy, we choose) the correct guantum Lagrzngian oo Ator which ig
a uﬁnsfarmauon from —iV? to generalized coordinates {Gruber, 1971 15721 4% as given
by ¢' = §[H,¢") turns out to be the Hermitian part of 2 more generalized operator which
we call the total gmera‘mu velocity operator similar to the notation in our previous
sriicles {Gruber, 1971, 1572). This total velocity operator really determings the funda-
mental structure governing our system in the Lagrangian formulation. We show that f1
is through the totsl velocity operator that we make ths transition from chassical o
quantum mechanics and through our procedure we arrive at the correct guantum
Lagrangian operator.

i. I{ltraa'ucfia;z

In two previous articles, I (Gruber, 1971) and 11 {(Gruber, 1972), 1 have
shown a prescription far the transition of :ia* cal gus :3 to their
corresponding quantum operators in generalized coordinatzs. These
prescriptions deal with, representing quantum o rechanically, operators in
generalized coordinates cerrespondxm to classical functions of generalized
momenta and coordinates, such as the Hamiltonian of ihe S}\R”‘} Difficulty
arises when one tries to represent in generalized coordinates quantum
mechanical operators corresponding to functions a%’ generalized velocities
and coordinates. For example, consider the foliowing: The total energy
of a free pamcie {the Lagrangian) expressed in gm':;dhzed cocrdinates is
classically given by Brillouin (1949) (ihroughout this article, repeated
indices denote Einstein summation}

L=%gu4'¢* .4
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where g, are Dhmctions of the genevalized coordinates md ! s the
generalized velocity, Now if one substitutes the operator ¢/ gwm brr the
Familiar equationt

§'==ilH,q% = ilHg' - q' H} 12

mto the Iagmug%an of ﬁquaﬁan (1.1}, no matter what the ordering we
choose for §/, 4%, and g, (thatis, T L= =34'gng* or L=14"'¢"gu, etc.) we
will aof arrive ai the correct quantum Lzgranman operator which is given
zs (Gruber, 1972)
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e Ll BES

where g is the Jacobian |3x/9g%] (Sokolnikoff, 1951) of the transformation
from Cartesian to generalized coordinates and g is the contravariant
metric tenser {(Gruber, 1972).

In the fodowmg sections we will proceed to find what the fundamenss!
velocity pperator is and how to incorporate it into the classical generalized
Lagranpian to gos the covrec? guantum-mechanical Lagrangian operator
We will also show s what %’ﬁﬁ rezi cignificance of the operator g°, given -
asg'=ifH.g'], is.

2. Representation of Generalized Velocities in Quanion Theo,

Consider the classical Legrangian expressed in generalized coordinates.

L=%gag'd* - LD
The generalized classical momentum p, is given as
el
Pz =4"gu ) ‘Q-i)
Multiplying both sides of equation (2.1) by g, we obuain (classically)
N é’ =g"p 22
This is because -
6, J#i
g,,‘g"*’ 5: }_‘ L, j=i
. Now, guantum-mechanically, we postulate (Gruber, 197}, 1972) that
i+ m{a/aq (i = 1}. Thus we note that guantum-mechanically, ¢/ can be
‘written as either
: =gp Q@3
ot as -
i =pig" 24

since p; and g" do not commute.

j‘Here, H is the Hamiltonian given by H %-&V’ = 4p‘'e*p, (Grober, 1971, 1972},
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et us compute what §* is, as given by equation L(L.’l} Since {(Gruber,
1972 H=1ple™p, (where as in the notation z,zf Gruber (1974, 1973 5}
denotes the ad;emt of Pih :

*=i[H,q"}=ilp} " Pug']

| =itple"pg' ~ 10’ rle"p)

Since {g',p,] = [g°,p}] = i3/, the former equation begcomes
‘ ' =3Hple*+g%ps 2.5
Now because the Hermitian part of ¢/, (§/)7, is given as
3 1 + . -
(@ = i) . @)

we have from sguation 2.3} ihat

- dw f £ :
B , 26
Thus (§/)7 is just §7 given by eguation {2.5) which was derived by zquation 7
(1.2). For the Hermitian part of (4D, (GiH, we ha?m
- . - -r+ { ol ‘i + " ‘f
{éf;}ﬂ - @{s} 7 ¥ jlii) wg FI ?.g‘

3

Le

Sittce p = p, — iF, where Fy={}/g)(3g/3") (Gruber, 1971, 1572), we have

o i 15
a8 p— ) pig
_&p—iFig"+pig"
2

Now using eguation (2.6) we have
a_ i zF:)g” + g” '
(4 ’) 5

_pg—iF g" + g"p
- 2

Thus it is seen that ()" = (¢{)". It can be similarly shown that

Kl]!j)tm {(‘Iu)qa ={g)*

Thus we find that
@D =gl = {(é;")’l” =g F=ilHqe1 {27

ind therefore the operator ¢! in equation (1.2) really corresponds to the
Hermitian part of 2 more fundamental operaior, the ‘total’ velocity opera-
or, 4 J nrnj {or (tx f\‘ rw%ni‘:’\f‘
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3. Correct Incorporution of the Total Velority Operators into the Lagrangion

The following is very aralogéus to what is achieved by Gruber (1972,
Section 2) with the Hamiltonian,
Since the classical Lagrangian should be poutwe—deﬁm&e we write the
Yagrangian L given by equation {1.1) as
 L=34Veag* G.n

where (§')* denotes the complex—éoﬁjugatc of ¢'. This suggests that the
quantum operator corresponding to the classical Lagrangian be

L= ‘Hé{')’ gudi (3.2
Ly =Nt endh B3
From egoation (2.3) we find that
Lf = ip}‘ﬁ g i”’gllcg” ps
== %P:t 5&‘8’“ Ds
=1pletp,

whzch is just the quantum lLagrangian operator for a free particle (the
H_amﬂtoman operator far a free particle) derived in Gruber (193.2

B Fdr‘Lu we have ™ ’
: Lu'f"‘%(q.u) guéﬂ

or

=3g"phaup.g®
. Bince _ ’
- ‘agit :
wﬁ}"g = "3;;2 = Igm’pt}
- we find S o
1og=/13g\ 1&g 13gV2g.
Lﬂ K %Pugmsl?i 2 ag M) 2aq E:’,’ ;aq aqggim (3 4)

For spherical polar coordinates and polar coordinates or for transforma-
tions where g'* is independent of g¥, the last three terms in equation (3.4)
vanish and L; becomes our quantum Lagrangian operator for a free
particle (the Hamiltonian for a free partlde) Since L, (rather than Ly)
was derived as the quantum Lagrangian in an unrestricted (general) way,
this suggests that ¢’ rather than g{, be our total generalized coordinates
velocity operator.

- &, Comments and Discussion

- We have shown that there exists 2 total velocity operator in generalized
coordinates, g =g¥p; =—ig'/3/8¢/, such that the Hermitian part of
(@), (", is the ‘measurable’ velocity operator . as derived from the
familiar meunn n = ilH q‘i If the classical Lim'anvkm in gencralized
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coordinates, L, is written a5 f.. = Hd* gud* (m preserve positive-definites

pess} where (G denotes the complex-conjugate of 4, the guantum
Lagrarxgxaﬁ operator is written as L =3¢V g4t anslog&us to the
presmpimns for the Hamiltonian operator in Gruber (1972). Thus the
operator §¢ = i[H,g%)is not the faudamental velocity operator az‘sd quantum
prescriptions must be derived from g, and ite adjoint {§;"}' 2s shown in

this article. ‘
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